Abstract. Let p be a real number greater than one. In this paper we study the vanishing and nonvanishing of the first L p -cohomology space of some groups that have one end. We also make a connection between the first L pcohomolgy space and the Floyd boundary of the Cayley graph of a group. We apply the result about Floyd boundaries to show that there exists a real number p such that the first L p -cohomology space of a nonelementary hyperbolic group does not vanish.
Introduction
In this paper G will always be a finitely generated group with identilty 1 and S will always denote a symmetric generating set for G. Let 
The main object of study in this paper is the spacē
is known as the first L pcohomology space of G. This paper was inspired by the paper [2] .
It is well known that if G has two ends thenH
It is also well known that if G has infinitely many ends thenH was shown that if G is a properly discontinuous subgroup of isometries of a proper CAT (−1) space with finite critical exponent and if the limit set of G has at least three points, thenH 1 (p) (G) = 0 for p > max{1, critical exponent of G}. In this paper we prove the following: Theorem 1.1. Let M n be a simply connected, n-dimensional, rotationally symmetric Riemannian manifold will all sectional curvatures bounded above by a negative constant. Suppose that G acts on M n by isometries and that the action is cocompact and free. Then for
The following partial converse to Theorem 1.1 is obtained by combining Theorem 2 of [1] with a theorem of Nicholls [9] . Theorem 1.2. Suppose that G acts on H n by isometries and that the action is cocompact and free. If the limit set of G has at least three points, thenH
One of the hypothesis for Theorem 1.2 is that the limit set of G, which is a subset of the (n − 1)-dimensional unit sphere, contain at least three points. Thus a possible first step in trying to determine ifH 1 (p) (G) vanishes or does not vanish for groups with one end is to use a boundary for G that is finer than the end boundary. One such boundary is the Floyd boundary. In section 4 we will prove Theorem 1.3. Let G be a finitely generated group and let F be a Floyd admissible function on G. If the Floyd boundary of G with respect to F is nontrivial and if
All concepts in Theorem 1.3 that are unfamiliar to the reader will be explained in section 4. We will conclude section 4 by proving the following consequence of Theorem 1.3. Corollary 1.4. Let G be a nonelementary hyperbolic group, then there exists a real number p such thatH
Let f be an element of F (G) and let g ∈ G. Let 1 < p ∈ R and define
In the case 1 < p < 2, we make the convention that |f (gs
is the linear space of harmonic functions on G with finite energy. In general, HD p (G) is not a linear space if p = 2. A wealth of information about p-harmonic functions on graphs and manifolds can be found in [3, 4, 5] . The following decomposition theorem was proved in [10, Theorem 3.5].
This decomposition is unique up to a constant function.
It follows from the theorem that each nonzero class inH This work was supported by a grant from the research office at Eastern Oregon University. The author would like to thank the university for their kind support.
Preliminaries
The right translation of f by g is the function defined by f g (x) = f (xg −1 ). We will denote by C 0 (G) the set of those f ∈ F(G) for which the set {g | |f (g)| > ǫ} is finite for each ǫ > 0. If A is a set, then the cardinality of A will be denoted by #(A). Let (X, S) be the Cayley graph of G with respect to the generating set S. Thus the vertices of (X, S) are the elements of G, and g 1 , g 2 ∈ G are joined by an edge if and only if g 1 = g 2 s ±1 for some generator s. For the rest of this paper we will denote (X, S) by X. A ray in X is an infinite path [g 0 , g 1 , . . . ) without repeated vertices. The following proposition will be used in the proof of Theorem 1.1. Proof. We saw in the discussion preceeding Corollary 1.6 that each nonzero class in H Let M n be a n-dimensional, rotationally symmetric Riemannian manifold. Fix a point on M n and use the exponential map at this point to transfer the polar coordinates on R n to the manifold. Now the Riemannian metric on M n can be written as dx 2 = dr 2 + f (r) 2 dθ 2 where dθ 2 is the usual metric on the unit sphere S n−1 , n ≥ 2. So L p (M n ) will consist of all real-valued functions for which Mn |f (x)| p dx < ∞, where 1 ≤ p ∈ R. Assume further that M n is also simply connected and that all sectional curvatures are bounded above by a negative constant. It was proven by Strichartz [11, Theorem 5.8 
, where 1 ≤ p ≤ n − 1 and df is the differential of f , then there exists a constant c such that f − c ∈ L p (M n ). We will prove Theorem 1.1 by showing that ifH So there exist rays [1, g 1 , g 2 , . . . ) and [1, h 1 , h 2 
is the associated fibre bundle to the principal bundle M n π −→ M n /G, where π denotes the projection map. Let s be a smooth section of the associated bundle. Associated to s is a smooth mapŝ from M n into L p (G) that satisfiesŝ(xg −1 ) = gŝ(x). We now define a real-valued function on M n by f (x) : = (ŝ(x) + F )(1). If g ∈ G and x ∈ M n then f (xg
. It now follows that
for any constant c, which contradicts Theorem 5.8 of [11] . This concludes the proof of Theorem 1.1
Floyd Boundaries
Recall that X denotes the Cayley graph of G with respect to the generating set S. We can make X into a metric space by assigning length one to each edge, and defining the distance d s (g, h) between any two vertices g, h in X to be the length of the shortest path between g and h. The metric d s on X is known as the word metric. For the rest of this paper we will drop the use of the subscript s and d(x, y) will always denote the distance between x and y in the word metric. We will denote d(1, g) by |g| for g ∈ G. If A is a set of vertices from X, then |A| = inf a∈A d (1, a) . Let F be a function from the natural numbers N into the positive real numbers R + . We shall say that F is a Floyd admissible function if it is monotonically decreasing, summable and for which there is a positive constant L that satisfies F (n + 1) ≤ F (n) ≤ LF (n + 1) for all n ∈ N. We will now show how to construct a Floyd boundary for X with respect to F . First we use F to define a new metric on X. The new length of an edge joining g and h is F (|{g, h}|). Let α = {g i } be a path in X. The length L F of α is given by i F (|{g i , g i+1 }|) and the new distance between x and y in X is d F (x, y) := inf α L F (α), where the infimum is taken over all paths α connecting x and y. It is straight forward to verify that d F is a metric on X. Now let X F denote the completion of (X, d F ) in the sense of metric spaces. The Floyd boundary of X is the set ∂ F X = X F \X. We shall say that ∂ F X is trivial if it consists of only 0, 1 or 2 points. Lots of information about Floyd boundaries can be found in [6, 7, 8] .
We now prove Thoerem 1.3. Let f be a continuous functions from X F into R that satisfies a Lipshitz condition. Thus
Since ∂X F contains more than two points we can choose f so that f is nonconstant on ∂X F . By continuity of f it follows that f (|g|) does not tend towards a constant number as |g| goes to infinity in X. Thus f is not an element of L p (G) ⊕ R. Also G is nonamenable since ∂X F contains more than two points, [7, Corollary 2] . Hence
[10, Theorem 4.1]. Therefore f represents a nonzero class in H 1 (p) (G) and the proof of Theorem 1.3 is now complete.
We will now apply Theorem 1.3 to a class of hyperbolic groups. For the rest of this section assume that G is a hyperbolic group with hyperbolic constant δ. Let X be the Cayley graph of G. The Gromov inner product with basepoint 1 in X is defined to be (
where x and y are vertices in X. Let (x n ) be a sequence in X. We shall say that (x n ) converges to infinity if lim n,m→∞ (x n | x m ) = ∞. Let S ∞ (X) be the set of all sequences on X which converge to infinity. We shall also say that two sequences, (x n ) and (y n ) in S ∞ (X) are related if and only if lim n→∞ (x n | y n ) = ∞. This relation is an equivalence relation since G is hyperbolic. The sequential boundary of G, denoted by ∂G, is the set of equivalence classes of sequences under the above relation. A hyperbolic group is nonelementary if there are more than two elements in ∂G.
Choose a > 0 such that e 3δa − 1 < √ 2 − 1. Define a Floyd admissible function F from N into R + by F (n) = e −an . Let g ∈ G and s ∈ S. Then g and gs
are neighbors in X and F (|{g, gs −1 }|) = e −a(g|gs −1 ) . Thus for x and y in X, d F (x, y) = inf{ n i=1 e −a(xi|xi+1) | n ≥ 1, x = x 0 , x 1 , x 2 , . . . , x n = y ∈ X}. Where, x 0 , x 1 , . . . , x n is a path from x to y in X. Now let (x n ) and (y n ) be sequences in X. By Proposition 22.8 of [12] we have the following inequality (3 − 2e 3δa )e −a(xn|yn) ≤ d F (x n , y n ) ≤ e −a(xn|yn) .
Thus lim n→∞ d F (x n , y n ) = 0 if and only if lim n→∞ (x n | y n ) = ∞. Hence, the cardinality of ∂X F equals the cardinality of ∂G. Since G is finitely generated it has at most exponential growth. Consequently, there exists a real number p such that 
